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G-FROBENIUS MANIFOLDS 


BYEONGHO LEE 


Abstract. The goal of this paper is to introduce the notion of G- 
Frobenius manifolds for any fïnite group G. This work is motivated 
by the fact that any G-Frobenius algebra yields an ordinary Frobenius 
algebra by taking its G-invariants. We generalize this on the level of 
Frobenius manifolds. 

To define a G-Frobenius manifold as a braided-commutative general- 
ization of the ordinary commutative Frobenius manifold, we develop the 
theory of G-braided spaces. These are defined as G-graded G-modules 
with certain braided-commutative “rings of functions”, generalizing the 
commutative rings of power sériés on ordinary vector spaces. 

As the genus zéro part of any ordinary cohomological field theory of 
Kontsevich-Manin contains a Frobenius manifold, we show that any G- 
cohomological field theory defined by Jarvis-Kaufmann-Kimura contains 
a G-Frobenius manifold up to a rescaling of its metric. 

Finally, we specialize to the case of G = Z/2Z and prove the struc¬ 
ture theorem for (pre-)Z/2Z-Frobenius manifolds. We also construct an 
example of a Z/2Z-Frobenius manifold using this theorem, that arises 
in singularity theory in the hypothetical context of orbifolding. 


1. Introduction 

There are several statements in the philosophy of mirror symmetry. One 
of them involves Frobenius manifolds. Namely, the Frobenius manifolds of 
a mirror pair should be isomorphic. 

Quantum cohomology ring of a smooth projective variety X is an example 
of a Frobenius manifold in the A-model. It encodes the genus zéro part of 
the Gromov-Witten invariants of X on its cohomology ring. 

According to Costello[U, genus g GW-invariants of X can be written 
in terms of the genus zéro GW-invariants of [A 9+1 /S 9 + i], the (g + l)th 
symmetric power of X. The latter can be encoded as a Frobenius manifold 
structure on its Chen-Ruan orbifold cohomology ring [2, [3J- 

Now suppose X has a finite group G-action on it, and let [ X/G\ be 
the global quotient orbifold. On the level of Frobenius algebras, Fantechi- 
Gôttsche constructed a certain braided-commutative ring H* (X, G ) with 
G-action, now called a stringy cohomology ring, that yields Hq R ([X/G]) by 
taking the G-invariants [S]. H*(X,G) also contains the cohomology of X as 
a subring. 

H* (A, G) is an example of the structure called a G-Frobenius algebra 
(also known as crossed G-algebra, or Turaev algebra) [12L I2Ü1 [24] . Kaufmann 
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generalized the construction in [8] and showed that one can produce a certain 
type of G-Frobenius algebras starting from a Jacobian Frobenius algebrajl2j. 
The resulting G-Frobenius algebra contains the original Frobenius algebra as 
a subalgebra called the untwisted sector. In particular, he proved that there 
is an essentially unique nth symmetric power, an S^-Frobenius algebra, of 
each Jacobian Frobenius algebra[13]. Note that this resuit works for both 
A- and B-model sides of mirror symmetry. 

One can then ask if we can generalize his results on the level of Frobenius 
manifolds. Namely, we want a notion of G-Frobenius manifold structure 
on each G-Frobenius algebra, that contains an ordinary Frobenius manifold 
on the untwisted sector and yields another Frobenius manifold on the G- 
invariants of the underlying G-Frobenius algebra. Once we hâve this, we 
should ask if we can construct a G-Frobenius manifold starting from an or¬ 
dinary Frobenius manifold and the G-Frobenius algebra that extends the 
underlying Frobenius algebra of the given Frobenius manifold. In partic¬ 
ular, we should investigate if we can construct a symmetric power of each 
Frobenius manifold, and how unique it is. 

Once the answers to these questions are obtained, we will be able to 
apply thern to the GW-theory of symmetric powers of X. Starting from the 
quantum cohomology of X , we build the S^-Frobenius manifold of X n , and 
taking its S n -invariants will yield the orbifold quantum cohomology of the 
symmetric power. By Costello’s formula, we will essentially know ail the 
higher genus GW-invariants. 

We start to answer this sériés of questions in this paper. Namely, we 
define a notion of G-Frobenius manifold for each finite group G and find 
some examples. 

In the définition of ordinary Frobenius manifolds, certain symmetric mul- 
tilinear forms called corrélation functions play an important rôle. Each of 
these is given as the homogeneous degree n part of the potential of the 
given Frobenius manifold, using the well-known identification between ho¬ 
mogeneous polynomials and symmetric multilinear forms. The underlying 
Frobenius algebra is obtained by truncating the potential at degree 3. 

On the other hand, the rôle of n-linear forms that are invariant under the 
braid group B n plays a similar rôle in the theory of G-Frobenius algebras 
for n = 2 and 3. In fact, a G-Frobenius algebra is a monoid object in the 
braided monoidal category of G-graded G-modules, D(fc[G])-Mod. This 
motivâtes us to study braided tensors in the category. See Définition 12.2.11 

Once we identify the ring of power sériés on a finite dimensional vector 
space as the ring of symmetric multilinear forms on it, we are tempted to 
define a G-braided space as a finite dimensional object in D(fc[G])-Mod 
with a suitable ring structure on braided multilinear forms as the “ring 
of functions”, following a common practice in the held of noncommutative 
geometry. We do this in Section [2j We first develop the theory of braided 
tensors in certain braided monoidal categories, and specialize to D(k[G})- 
Mod. When G is trivial, we recover the notion of finite dimensional vector 
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spaces with their commutative ring of power sériés. Theorem 12.4.131 is the 
main resuit in this section. 

After reviewing the notions of Frobenius manifolds and G-Frobenius al- 
gebras, We first define the notion of pre-G-Frobenius manifolds in Section [3l 
They are certain G-braided spaces containing two Frobenius manifolds as 
their subspaces on the untwisted sector and the G-invariants. If they also 
contain a G-Frobenius algebra, in a similar way as an ordinary Frobenius 
manifold contains a Frobenius algebra, then they are called G-Frobenius 
manifolds. Définition 13.3.11 gives the précisé descriptions. 

We show that any G-Cohomological held theory (G-CohFT) of Jarvis- 
Kaufmann-Kimura(10j contains a pre-G-Frobenius manifold structure on its 
state space in Section [4j In fact, it also contains a G-Frobenius algebra up 
to a rescaling of its metric. To prove this resuit, we introduce two types of 
corrélation functions that one can obtain out of any G-CohFT: a symmetric 
one and a G-braided one. We use these and relevant results in m to prove 
that one can obtain a G-braided potential that yields a symmetric potential 
for a Frobenius manifold structure on its subspace of G-invariants. See 
Theorem 14.4.21 and Remark 14.4.31 

In singularity theory, A 2 n -3 singularities hâve natural Z/2Z-actions. In 
physics literature regarding Landau-Ginzburg B-models, the Frobenius man¬ 
ifolds for D n are obtained from Â 2 n -3 using the procedure of orbifolding[5], 
but there is no satisfactory mathematical theory about it yet, except for 
the level of Frobenius algebrasfl2j. We construct the examples of Z/2Z- 
Frobenius manifolds for A. 2 n -3 as possible partial ingrédients for such a 
theory in Section [5j The first step is to prove the Structure Theorem 15.1.31 
for any pre-Z/2Z-Frobenius manifold. After reviewing known facts about 
the Frobenius manifold and G-Frobenius algebra structures for the singular¬ 
ities A_ 2 n —3 and D n , we use this theorem to construct pre-Z/2Z-Frobenius 
manifolds for A 2 n - 3 - In fact, it turns out that these are Z/2Z-Frobenius 
manifolds. Section [5.51 contains the details. 

We conclude our paper with a brief discussion of a possible development 
of the concept of G-braided spaces. In particular, we discuss about a différ¬ 
entiation rule on the ring of braided multilinear forrns. 

We expect that other important structures on G-Frobenius manifolds will 
ernerge in the process of answering the questions above. Rather than using 
a priori constructions, we will take the approach of picking up necessary 
structures while analyzing more examples and working on relevant théo¬ 
ries. Although we gave a minimal définition for G-Frobenius manifolds, it 
is strong enough for G = Z/2Z in the sense that we see in Theorem 15.1.31 

Remark 1. This work is also a starting point for answering one of the Tu- 
raev’s questions[23l Appendix 4, No. 2]. 

Remark 2. Matsumura-Shapiro considered a different version of G-braided 
geometry on G-graded G-modules using Majid’s theory of braided calculusjl?, 
Chapter 10] to define a different notion of G-Frobenius structure on them|22]. 
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Notation. Throughout this paper, G is a finite group, k a held of characteris- 
tic zéro. We use the Einstein convention, namely, we sum over the repeated 
upper and lower indices. The identity in G is denoted by e. We do not con- 
sider the trace axiorn of G'-Frobenius algebras in this paper. We use boldface 
letters to dénoté éléments of G n . For example, m rneans (mi,..., m n ) G G 11 . 
The identity in G is denoted by e. 

2. G-braided Spaces 

2.1. Functions on Vector Spaces. We review sorne well-known facts 
about ordinary vector spaces. The goal of this section is to hx notations 
and emphasize the viewpoint that will be useful for the generalization we 
hâve in mind. 

Let H be a finite dimensional vector space over k. We take the ring 
of power sériés A; [JP] to be its ring of functions. This is required for the 
définition of Frobenius manifold. See Section O 

It is well known that A;[JJ*] n , the homogeneous polynomials of degree n, 
can be identihed with Sym n H* := ^H*)^ n ] Sri , the subspace of invariants 
under the natural S n action, also known as the symmetric n-linear forms. 
Hence we hâve isomorphisms of vector spaces 

OO 

k{H*j = Sym n H* := Sym\H *\. 

71=0 

Also, observe that there is another characterization of Sytn ll H*, consid- 
ering the S n action on JJ® n . Namely, 

Sym"H* = {iG (H*)® n \x(v) = x(a ■ v ) for any a € S n and v G H® n } . 

Note that A:[JJ*] also has the structure of a commutative ring. We transfer 
this ring structure to Sym\H*\. Note also that Sym\H*\ is a vector subspace 
of the complété tensor algebra n^Lo(^*)' 8n := ^[JJ*]. The latter also has 
the natural ring structure of juxtaposition, but Sytn\H*\ is not a subring of 

n h*i 

If we consider how these two multiplication rules relate to each other and 
view the ring structure of Jù/wJJJ*] intrinsically, we realize that the following 
map is in action. 
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Définition 2.1.1. For any n > 0, the nth symmetrization on H is the map 

Sn : ( H*)® n —ï Sym n H* , x ^ ax . 

' n ' creSn 

Also, the symmetrization on H is the map 

OO 

5 := n A : nH*l Sym{H*\ . 

n =0 

We observe that the ring structure on Sym\H*\ is given as follows. Let 
y be the multiplication map in namely, the juxtaposition. 

Proposition 2.1.2. The composition of the following maps 

Sym\H*\®5ym\H*\ -a TlH*j <g> <T[ H*} A T\H *] A Sym\H*} 
is the multiplication map of Sym\H*\. 

Remark 2.1.3. In view of the identification of &[#*]] with Sym\H*\, we 
regard &[#*]] as the ring of symmetric multilinear forms. 

The following functorial property is also well known. 

Proposition 2.1.4. Let cj) : H —» K be a linear map of finite dimensional 
vector spaces. Then we hâve the induced map of algebra with unity 

(f* : Sytn\K*\ -> Sym\H*l. 


2.2. Braided Tensors. In this section, we introduce the notion of braided 
tensors in certain subcategories of Vect^., that are also braided monoidal. 
We also define ring structures for them. Note that we work in the covari- 
ant setting. The dual setting will be considered when we specialize to the 
category of G-graded G-modules in Section 12.41 

We work with a subcategory C of Vect*,, and fix a braided monoidal 
structure (C,®, 1 = k, 4?). Here ® is the usual tensor product of vector 
spaces, but may be different from the usual braided (actually, symmet¬ 
ric) monoidal structure of Vect f.. We may simply use C understanding its 
braided monoidal structure. 

We first generalizé the notion of symmetric tensors on vector spaces. For 
any H G C, note that the braid group B n acts on H® n canonically. Let Cg n 
be the full subcategory of finite dimensional objects. 

Définition 2.2.1. For each H G Cfi n , set 

CBr n H := (H® n ) Bn , 

the subspace of H n -invariant n-tensors. Its éléments are called the braided 
n-tensors on H. Also, set 

OO 

(BrlHj := r Br n H c . 

n =0 
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Its éléments are called the braided tensors on H. 

To prove that braided tensors are functorial, we need the following lenima. 

Lemma 2.2.2. Let (j> : H —*■ K be a morphism in Cfj n . Then for any 
b G B n , we hâve the following commutative diagram. 


b 




Proof. This follows from the functoriality of the braiding in C. □ 

Remark 2.2.3. We regard that <f>® n = id & when n = 0. 

Proposition 2.2.4. “Br" (•) and Br\-\ are functors Cfi n — > Vecte- 

Proof. Let (f> : H K be a morphism in Cfi n . Consider the restriction 
of the morphism cf® n : H® n —y K® n on Br’ 1 H. Let v G Br n H. Then by 
Lemma 12.2.21 we hâve 

b-(j)® n {v) = 4>® n {b- v ) = 4>® n {v). 
showing that (p® n {v) G Br”K. 

Set (f * := YlZo^- Then 4* maps ^{H\ to 

If ip is another morphism in Cfi n , the équations = if® n o f>® n and 

(' 0 o <^>)* = o 0* are inherited from the ones before restricting to braided 
tensors. 

We also observe that id® n = id and id* = id. □ 

Note that Br"H and $r[iL]] are vector spaces, but they need not be 
objects of C. We want them to be objects in C. 

Définition 2.2.5. C is regular if, for each H G Cg n , Br”H and SrJiLj are 
objects of C, and their braidings are natural in the following sense: given 
another object IL of C, the braiding map 

® W -> W <g> Br n H 

is given by the restriction of the braiding map 

: H® n ® W -> W <g> H® n , 

and the braiding map 

■ MHj ® W -4 W ® BrlHj 

cornes from &<Br n H w applied degree by degree. Similarly for the braiding 
maps an d • 

Note that $r[iL] need not be a subalgebra of T[iL]]. Instead, we define 
a different multiplication on it. To this end, we generalizé the notion of 
symmetrization in Définition 12.1.11 in the covariant setting. 
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Définition 2.2.6. A braidization in C is the following data. 

• (nth braidization) For each H G Cfi n and each n > 0, a surjective 
linear map 


: H m -A Br n H 


that satisfies 

(i) ^ = ®n , 

(ii) t B n {v) = %i(b ■ v) for any v G H® n and b G B n . 

These rnaps should satisfy the following two conditions. 

• (Functoriality ) For each morphism (f> : H —> K in Cfi n , the following 
diagram is commutative for each n. 


H ®n (Br n R 




-A Br"K 


(.Associativity) For each H G Cfi n , v G 77® n , w G H® m and z G H® k , 
®n+m+fc (®n+m ® ® A ®n+m+fc(^ ® ® ^)). 


C is braidizable if C admits a braidization. After fixing a braidization, C is 
braidized. If C is braidized, for each H G Cfi n , set the total braidization 

OO 

® = n <B n ■■ nm • 

71=0 


Remark 2.2.7. Note that the surjectivity and condition (i) of implies 
that it is the identity on ‘Br 11 H. 

Now we are ready to generalize Proposition 12.1.21 in the covariant setting. 

Proposition 2.2.8. Suppose that C is regular and braidized. Then for each 
H G Cfi n; the composition of the following maps 

o : 0 ^ ^\H\ ® T[fl| A ^[77] A Sr[77] 

gives ®r|77] f/ie structure of a braided-commutative algebra with unity. More- 
over, for any morphism (f> : H —>• K in Cfi nj the induced linear map 

<t>* : ®rpï] -A BrlKj 

is a morphism of algebra with unity. 

Proof. Braided-commutativity follows frorn the following équations. Let 
Em=o v m, EAo w n € $r[i7]] with G $r m i7 and u; n G $r n i7. Using the 
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regularity of C, we hâve 

oo oo oo 

s «E = ^ Vm®yJn) 

m= 0 n= 0 m,n= 0 

oo 

= B( ^2 &( v m®'Wn)) bv (ii) of Définition 12.2.61 . 

m,n=0 

oo oo 

= v m<~ 8) Wn)) • 

m=0 n=0 

Associativity of o follows from that of the braidization. Unity exists by 
Remark 12.2.71 

We hâve the following commutative diagram by the functoriality of the 
braidization in C. 

Br n H®Br m H — H ®{n+m) <B r n + m H 


Br n K®Br m K —^ #®(**+m) 3^ Br n+m K 
Recall that p in the left box dénotés the juxtaposition. This diagram shows 
that (/>* préserves the multiplication. Unity is preserved since cj)® n = idk on 
‘Br' 1 H = Br n K = k when n = 0. □ 

2.3. A Groupoid Structure on G n . Before specializing to the case of G- 
graded G-modules, we study the Réaction on the G n -degrees on H® n for 
any G-graded G-module H. 

G n xi S n acts on G n by taking the componentwise adjoint action of G n 
hrst, and then switching positions. This induces a natural B n action on G n 
in the following way. Let b\ be one of the standard generators of B n that 
braids the first two strands. Then 

&i(7i,--->7n) := (7i727r 1 >7i,73,---,7n), 
and similarly for the other generators. This shows that given any b € B n 
and 7 G G n , we hâve an element G G n xi S n that really acts on 7 . For 
example, we see that &i i7 = (e, 71 , e,..., e) x (1,2). Note that this does not 
define a homomorphism from B n to G n x S n since 6 7 dépends on 7 . We 
hâve the following structure instead. 

Définition 2.3.1. The B n -groupoid G n is defined in the following way: 

Obj (ç n ) = G n , 

Hom( 7 1 , 7 2 ) = { 6 7l G G n x S n \b~y 1 = 7 2 for some b G B n } . 

Remark 2.3.2. A related structure is the action groupoid B n x G n . See m 
for its définition. This is different from G n in that different éléments of B n 
can give rise to the same arrow in G n . In particular, Q n is a finite groupoid, 
whereas B n x G n is not. 
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Remark 2.3.3. Obj (Q n ) has the natural G-grading that is defined as n 7 j for 
7 € Obj(<? n ). Since it is invariant under the action of B n , each component 
of has the constant G-degree. 

Remark 2.3.4. Consider the diagonal adjoint G-action on Obj(Ç/ n ). We 
observe that this commutes with the action of B n . This implies that G acts 
on the set of components of Ç n . If a component G has the G-degree 7 , the 
G-degree of g ■ G is equal to g^g~ 1 . 

We want to introduce the concept of reflection map on B n , that will be 
useful when we consider braided tensors. 

Définition 2.3.5. The reflection r on B n is an anti homomorphism that 
sends h t to b n -i. 

Remark 2.3.6. This définition makes sense since the defining relations on 
the generators of B n are also satisfied among the images of them. r being 
an antihomomorphism does not rnatter because of the form of the relations. 

We want to see how this map works in the categories Q n . Let 7 := 
( 71 ,... , 7 n) G G n - Let 

r : G n —> G n , ( 71 ,... , 7 n ) ( 7 n \ ... , 7 X X ) 

be a set map. Then we hâve the following commutative diagram 

( 71 ,•■-,7n) — I —»■ hn'f-rn ‘) 

(7i727r 1 ,7i J 73,---,7n) ——^ (7n 1 ,...,7 3 _1 ! 7r 1 ,7i72 _1 7r 1 ) 
and similarly for the other generators of B n . This allows us to make the 
following définition. 

Définition 2.3.7. The reflection map on G n is the functor r : ( Ç n )° —> Q n 
that maps 7 to r( 7 ) in the sense above, and sends b hl to b n ^ i>r ^..^y 

Remark 2.3.8. Given a morphism in Ç n , note that we should choose an 
element in B n that acts as the given one to know the image of it under r. 
One sees that this does not dépend on the choice of the représentative by 
looking at the diagram above. Namely, suppose we return to the original 7 
after several application of h,;’s and its inverses on the left side of the above 
diagram. Then the same thing should happen to the right side since the 
right side is the exact “reflection” of the left side. 

This observation also implies the following proposition. 

Proposition 2.3.9. r is fully faithful. 

2.4. G-braided Spaces. In this section, we consider the category of G- 
graded G-modules, and interpret its finite dimensional objects as braided- 
commutative spaces. 




10 


BYEONGHO LEE 


Définition 2.4.1. A G-graded G-module ( H,p ) is a vector space H with 
the décomposition 

H = 0 H m 

m£G 

and a G-action p respecting the G-grading, in the sense that 

p(py)H m = Hry m ry — 1 

for any 7 , m G G. 

Remark 2.4.2. We may suppress p for the G-action and use • instead, when 
no confusion should arise. 

Remark 2.4.3. G-graded G-modules forrn the category D(fc[G])-Mod, the 
category of D(fc[G])-modules [T4J, [TT]. The latter is the Drinfel’d double of 
the group algebra k[G\. It is a quasitriangular Hopf algebra, hence D(k[G})- 
Mod is a braided monoidal category. The braiding is given by 

T : V g <g Wh —»• Wghg-i ®V g , w ®v \g ■ v ®w 

and extending linearly. Their morphisms are G-equivariant linear rnaps that 
preserve the G-gradings. See m for details. 

Remark 2.4.4. A (linear) représentation of a groupoid is a functor from the 
groupoid to the category of fc-vector spaces. Given a G-graded G-module 
H gj ves r j se a (^-représentation. For 7 := ( 71 ,... , 7 n ), let Hy := 

H~ n (g) • • • (g) Hy n . Then we hâve H® n = 0 H-y. The représentation assigns 
7 to H-y and b-y to b : H^ —>■ H^y. This is well defined since if b-y = by, the 
rnaps b and b' : Hy —>■ H^y = Hyy are the sanie. 

Remark 2.4.5. When G is trivial, D(/c[G])-Mod is nothing but the symmet- 
ric monoidal category of vector spaces. Hence its braided multilinear forms 
on finite dimensional objects are the same as the symmetric multilinear 
forms. 

Note that “Br"H is graded by components of Q n . That is, let G be a 
component of Q n . Then Hc '■= an invariant subspace of the 

map 

b : H m -> H® n , 

for any b € B n . Let C(G n ) dénoté the set of components in G n and define 
‘BrH := Br 11 H n Hc■ Then we hâve 

Br n H = 0 Br n c H , 

CeC(ç n ) 

where B n acts on Br^H trivially. This follows from the équation b ■ v = v 
for any v € Br 11 H and b G B n . We give a characterization of vectors in 
Br n c H. 
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Proposition 2.4.6. Let C G C(G n ) and v G Hc■ Write 

v=J2 V~1 > 

76 c 

where u 7 dénotés the G n -homogeneous component ofv. Then v G Br^H if 
and only if 

b ■ v~f = 

for any b G B n . 

Proof. Suppose v G Then the équation b ■ v = v implies 

b ■ v 1 = ^2 v 1 . 

■yeC 7 gC 

Comparing the homogeneous components yields the desired équation. Con- 
versely, suppose b ■ v 1 = u&. 7 for b G B n . We compute 

b ■ V = ^2 b • V-y = ^2 v b-7 = ^2 v 7 = v 1 
7 ec 7 eC 76 C 

since the map b : C C, defined by acting on éléments in G, is bijective. □ 
Now we are ready to prove that Z?(fc[G])-Mod is regular and braidizable. 
Proposition 2.4.7. D(fc[G])-Mod is regular. 

Proof. Let H be a finite dimensional G-graded G-module. To see the G- 
graded G-module structure of Br n H, note that Brf;H has the natural G- 
degree equal to that of C as defined in Remark 12.3.31 This deünes a G- 
grading on Br 11 H. 

To prove the G-module structure, consider the diagonal G-action on H® n . 
We want to show that Br' 1 H is invariant under this action. Suppose that 

v = ^ 2 v i S Br'çH 
7 ec 

for some C G C(G n )- Then we hâve 

W := g ■ v = ^2 g ■ v-r > 

7e C 

and set u> 5 . 7 := g ■ u 7 , so that 

w = ^2 w 7 ■ 

7 eg-C 

We use Proposition 12.4.61 to show that w G Br™. c H. Recall from Re¬ 
mark 12.3.41 that the B n and G-actions on Obj(Ç/ n ) commutes with each 
other. Moreover, we observe that the two actions on H® n also commute 
with each other. Hence for any b G B n , 

b ■ u> 7 = b ■ (g ■ v g - 1 . 7 ) = g - (b- v g - 1 . 7 ) 

9 * y) 9 ' Vg—î-Çb-'y) Wb-y . 
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The compatibility of its G-grading and G-action follows by observing that 

deg G {g ■ C) = g ■ deg G G • g _1 
where deg G dénotés the G-degree. 

Next, we prove that $r[i4]] is a G-graded G-module. Using the G-grading 
on ‘Br' 1 H, write 

Br n H = 0f®r'7/) fl 

g eG 

where the subscript dénotés the G-degree. Using the hniteness of G, we 
hâve 

oo oo 

Br{H\ = Br n H = ®(Br n H) g 

n= 0 n=0 gtzG 

oo 

=©ri(® r " ff )»=©(® r M)»- 

qÇlG tl —0 g£G 

by setting that {Br\H\) g := W^^iBr''H) g . G-action on $r[i7| is deüned 
term by term diagonally. The G-invariance of Br n H guarantees that of 
SrpF]. The compatibility of its G-grading and G-action also follows from 
that of Br n H. 

The naturality of their braidings follows from the fact that the G-grading 
on Br' 1 H is inherited from H® n . □ 

Proposition 2.4.8. D(fe[G])-Mod is braidizable. 

Proof. (nth braidization) Let H be a finite dimensional G-graded G-module. 
We use the (/"-représentation structure of Remark 12.4.41 on H® n . For 7 G 
Obj(£?"), let Ay be the set of ail the morphisms in the component of 7 with 
the source 7 . That is, 


A i : = U Hom 6 ;n(7,7 / ). 

y’=by 

for some b^B n 

For v G iTy, define 


%n(v) := TJ~\ Y b T v ’ 

' b-y£A~/ 

and extend linearly. 

We show that 

bi ■ B n {v) = B n (y) 

for any generator bi of B n . It is still enough to assume that v G H-y. Write 

bi ■ B n (v ) = — b i ‘ ( 6 7 • v ) 

' b~,£Ay 
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and observe that the map 

bi A~y —y A~y 

defined by postcomposing the element y G G n xi S n is a bijection. Here 
dénotés the target of each arrows in A. y . Hence 

bi • B n (v) = ^2 b 'i ' v = j 

where b• dénotés each element in the image of the map hj above. 

To show the surjectivity and condition (i) of Définition 12.2.61 it is enough 
to show that 

%i(v) = V 

for any v G Br n H. Considering the C(f/ n )-grading of “Br" H, it is enough to 
consider that v G Br^H for C G C{Q n ) and put 

v = J2 v ~t ■ 

76 C 

Observe that |Ay| is constant for 7 G C. Write 

ne ■= \Ay\ 

for any choice of 7 G C. Also, | Homgn( 7 , 7 ')! is constant for any two objects 
7 and 7 ' in C. Define 

me ■= | Homgn (7,7 , )| 

for any choice of two objects 7 and 7 ' in C. Then we hâve 

ne = \C\ ■ me ■ ( 1 ) 


By the définition of B n , we hâve 


1 


B rl ( V ) y ' b-y • V~y . 

UC 76 C 
b~y G-A ^ 


Proposition 12.4.61 implies 


^2 b i ~ v i 

h~y G A-y 


me • v 


for any fixed 7 G C. Thus 


%i{v) 


1 

ne 


Y, mc 


■ v = — • |Cj • me ■ v = v , 
n c 


by Equation flU . 

To prove condition (ii), it is enough to consider v G H-y. 
Hence 


1 

l-^b-7 


^2 bb 'T • ( 6 • v ) ■ 

bb-~f G A^.^y 


Then b-v G 


B n (b ■ v) 
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Since the map 


b Af).-y -^ ^4.^y 

defined by precomposing & 7 is a bijection, and using the fact that \A^ 
\A-y\. we hâve 

®n{b-v) = TJ -T Y 

' 7 b'^eAy 


where b• dénotés each element in the image of the map b above. 

(Functoriality ) It is enough to consider G n -homogeneous vectors. Hence, 
suppose v G H-y. Then by the définition of nth braidization, we hâve 


^®”(S„W) = rfr E 

7 b-y^A-y 


For each & 7 G Ay, choose b G B n such that b acts as & 7 on H-y. Let A! be 
the finite subset of B n of such 6’s. Then we hâve 

<P m (l > ' ») = |T- E 6 ' ■>*"(») 

I 7 ' beA' ' 7 ' b&A' 


by Lemma 12.2.21 Since préserves the G n -grading, we hâve 

= rf| E ‘ri>"» = 

^ 7 ^ b-y&A-y 


(Associativity) Suppose v, w and z in Tp/J are homogeneous of degree 
n, m and k, respectively. By linearity, it is enough to assume that they are 
also monomials of homogeneous G n , G m and G fc -degrees, respectively. We 
observe that 


®n+m+A; ( w') (& z') — ^n+m+/c(T (& W &) z') 

= ‘B n+m+k {v <g> < S m j r k(w <g> z)) 

since the Ç7 n+m+/c -orbits of monomials of < B n+m (v®w)®z and v®‘B m j l -k{w®z) 
coincide with that of v <g> w (g) z, with correct averaging constants. □ 

Remark 2.4.9. We assume that D(fc[G])-Mod is braidized in this way here- 
after. 


Remark 2.4.10. Note that we recover the usual symmetrization when G is 
trivial. 


The following proposition enables us to use the results of the previous 
section in the dual setting. 

Proposition 2.4.11. In Z}(/c[G])-Mod, taking the dual space is a con- 
travariant functor on its full subcategory of finite dimensional G-graded G- 
modules. 
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Proof. Given a finite dimensional G-graded G-module H , its induced G- 
action on H* is given by the following formula. 

(7 • x)(v) = x( 7 -1 • v). ( 2 ) 

One consistent choice of G-grading on H* can be obtained by requiring that 
the trace nrap 

tr : H (g> H* —» C , x(v) 

are G-degree preserving. Narnely, the G-grading on H* can be given as 

(H*) m = (H m - l y. 

We observe that Equation © implies that 

7 • (H*) m = 1 . 

Let fi : H —>• K be a nrorphism between finite dimensional objects. Then 
fi* : K* —y H* is a linear map. To prove that fi* préserves the G-degree, 
suppose that x € ( K *) m , x y 0. If 4>*x = 0 for any x, then 4>* préserves 
degree m. If not, there exist a homogeneous vector v G H such that < f)*x(v ) 7 ^ 
0. But cf>*x(v) = x(4>(v)) and 4> is degree-preserving, it follows that deg G v = 
m -1 . We conclude that (jfx is homogeneous of G-degree m. To show the 
G-equivariance, let x S K* and v G H. Using the G-equivariance of cj>, we 
compute 

■ x)(v) = (g ■ x)((/>(v)) = x(g _1 • 

= æ(</>(5 _1 ' ^)) = (j)*x(g~ 1 ■ v) = g ■ ((/>*x)(v). 

The conditions on composition and identity follows from that of linear 
nraps. □ 

Remark 2.4.12. We fix this G-graded G-module structure for dual spaces 
hereafter. 

The following theorem summarizes what we hâve been proving. 

Theorem 2.4.13. Let H be a finite dimensional G-graded G-module, and o 
be defined as in Provosition \2.2.8[ Then ($rp/*]], o) is a braided-commutative 
algebra with unity. Moreover, for each morphism fi : H —$■ K of finite di¬ 
mensional G-graded G-modules, the induced linear map 

fi* : $rpT*] SrpT]] 

is a morphism of algebra with unity. 

Proof. This follows from Propositions 12.2.81 12.4.71 12.4.81 and 12.4.111 

□ 

Remark 2.4.14. We call the éléments of (Br' 1 H* and $r[4P] the braided 
n-linear forms and braided multilinear forms, respectively. 

Remark 2.4.15. We adopt the viewpoint that any finite dimensional G- 
graded G-module is a braided-commutative space with its ring of braided 
multilinear forms. 
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Lastly, we compare the B n actions on H® n and (H*)® n . We use the 
notation of Définition 12.3.51 for the following proposition. 

Proposition 2.4.16. For any x G and v G H® n , the following 

équations hold. 

(b ■ x)(v) = x(r{h) ■ v ). 


Proof. Recall that the trace map is given by 
tr : (H*)® n ®H® n -MC, 

X\ <g> • • • ® X n (g) Vl g • • • (g V n X n {v\) ■ x n _i(w 2 ) • • • Xl(v n ) 

so that there is no need of braiding. 

To prove the équation, it is enough to prove the following équations 

(bi ■ x)(v) = x{b n -i • v ), 

(bf 1 - x )(v) = x {b~y-v). 

By linearity, we assume that x is a G n -homogeneous monomial. For 
simplicity, we only consider i = 1. Suppose that x G H* in the notation of 
Remark 12.4.41 and write 


Then we hâve 


x = æ 71 g ■ ■ ■ (g x ln 


b\ ■ x = 7 i • x 72 <g x 71 (g x 73 (g • • • (g x ln . 

It is enough to consider G n -homogeneous v of matching G n -degrees, other- 
wise both sides are equal to zéro. Hence, write 


v = V 1 


1 


i V -1 (g V -1 -1 . 
7i 7l7 2 7i 


Then we hâve 


bn-1 ■ v = v 7 -i <8> • • • 0 u 7 -i ® 7i 1 ' %7-Sr 1 0 V 1 ' 
We compute 


(bi -x)(y) =x ln (y 1 -1) ■ 

■■ æ 7s( î; 73 - 1 ) -as-yiCV 1 ) 

' (71 

• ^ 2 )(% 7 -sr 

= ^7n(V 1 )' 


' -£72 

( 7 i ' ü 7 l 7 ^ 1 7 f ] 

= x(b n - 1 • u) 





by Equation ([2]). The second équation can be proved in a similar fashion. □ 

This leads to the following characterization of braided multilinear forrns 
on H. 

Corollary 2.4.17. For any finite dimensional G-graded G-module H , we 
hâve 


< Br n H* = {x G |x(u) = x(b ■ v ) for any b G B n and v G Ff 8 " - }, 

the subspace of B n -invariant multilinear forms. 
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Proof. 


x G Br n H* 
x G [( H *)® n ] B ’ 


x = b ■ x , 

\/b G 

B n 


x{v) = (bi ■ 

x)(u) 

— x(b n ~i 

■ u), { 6 j} standard generators of B n 

Vu G 




x(v) = x(b 

■«)> 

V 6 G 5 n . 

, V u G iL® n . 


The previous proposition also allows us to relate the nth braidization on 
‘BP 1 H and Br n H*. 

Corollary 2.4.18. For any x G ( H*)® n and v G H® n , we hâve 

[B n (x)\(v) = x(B n {y)). 


Proof. We use the notation of Définition 12.3.71 

Let x G H*. Suppose that C is the component of 7 G G n and choose 
V G C. We assume that v G H r ^yy Otherwise both sides are zéro. Then 
we hâve 


[B n (x)\(v) 



S b -r x 

b-y£.A-y 


(v) 


n-r • 

^ Hom(7,7') 


Choose b G B n for each b 1 G Homgn( 7 , 7 ') so that b acts as b 1 on H*. Let 
A! be the subset of B n of such 6 ’s. Using Proposition 12.4. ïïïl we hâve 


[®n (*)](«) 



b&A' 



æ ( r ( 6 ) ■ 

b£A' 


= X 



By Proposition 12.3.91 we see that the action of {r(b)\b G A'} is the same as 
that of Homgn(r( 7 / ),r( 7 )). Since x G H* and \A^\ = by Proposi¬ 

tion [231)1 we conclude 


[B n (x)\{y) = x(B n (v )). 

□ 
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2.5. Distinguished Subspaces. For any finite dimensional G-graded G- 
module H , we hâve two distinguished subspaces H e and H (: . H e dénotés the 
G-homogeneous subspace of G-degree e. H Cr is the subspace of G-invariants. 

Let us first consider H e . Since H e is a G-graded G-module concentrated at 
G-degree e, we can talk about its braided multilinear forms. But in a similar 
way as Remark 12.4.51 notice that the braided multilinear forms are the same 
as symmetric multilinear forms in this case. Remark 12.4.151 shows that this 
identification is as rings. Let i e : H e H be the inclusion map. Note that 
this is a morphism of G-graded G-modules. Applying Theorem 12.4.131 we 
hâve the following proposition. 

Proposition 2.5.1. We hâve the following induced morphism of algebras 
with unity. 


(ie)* : ®rpT] <Br\H \*] = SymlHfj 


Next, we consider the subspace of G-invariants, H G . Let g £ G, the 
conjugacy class of g. Since H h is an invariant space for any g £ G, 

we see that H G lias a G-grading. Let H G dénoté the homogeneous part of 
G-degree g. 

In particular, H G is not a G-graded G-module since is not an invariant 
subspace of the map g : H ^ H in general. Hence we cannot talk about 
braided multilinear forms on H G , but we can consider the restrictions of 
those of H on H G . 


Proposition 2.5.2. Let i G : H G ^ H be the inclusion. Then we hâve the 
linear map 


{i G T : MH*i -»• Syml(H G y J , ^ x n ^ ^ x„| (ffG) ®„ , 

n= 0 n=0 


where x n £ Br n H*. 

Proof. Let x £ “Br 11 H* and v £ [H G )® n C H® n . Let s : B n -£ S n . b % h-> 
(i,i + 1) be the standard surjective homomorphism. Then for any b £ B n , 
we hâve b ■ v = s (b) ■ v. To see this, suppose v = v\ (g) • • • (g> v n with Vi £ H G . 
Suppose further that v\ = v g^ w here v g £ H g . Note that each v g need 
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not be in H G . We consider b\ ■ v. The other generators are similar. We hâve 


bi -v = bi ■ | ^ v g | 


y; g ■V2®Vg ® Vs <g> • • • <g) V n 

J 

y V 2 (8) ® f 3 <S> • • • <S> Un 

g&G 


= 112® y Vg ® U 3 ® • • • ® U n = U 2 ® Ui (g) U 3 <g> ■ ■ ■ ® U n . 
\g£G 


Given cr G S n choose b G B n such that s (b) = a. Using Corollarv 12.4.171 we 
hâve 

x(a ■ v ) = x(s(b) ■ v ) = x(b ■ v ) = x(t>), 
showing that (i G )*(x) G Sym n (H G )*. 


□ 


Remark 2.5.3. ( i G )* need not preserve the multiplication since c B n on 
and S n on [(H G )*]® n need not be compatible. 

We mention the following functorial property. 

Proposition 2.5.4. Suppose (j) : H — >• K is a morphism of finite dimen- 
sional G-graded G-modules. Then we hâve the following morphisms of alge- 
bras with unity 


s* : Syrn\K* e 1 -A Sym\H* e } , cf* '■ Syml(K G )*} Sym\(H G )*} . 

Proof. Since f> préserves the G-grading, it maps H e into K e . Note that this 
restriction is also a morphism of G-graded G-modules. Hence the existence 
of the first map follows from Theorem 12.4.131 

Since <fi is G-equivariant, it maps H G into K G . Applying Proposition ^. 1.41 
we hâve the second map. □ 


3. G-Frobenius Manifolds 

3.1. Ordinary Ftobenius Manifolds. We review the concept of formai 
Frobenius manifold in this section. See m, [TH] for details. 

Let H be a finite dimensional vector space, and fix a basis {<9 a }. Let {x a } 
be its dual basis. Recall from Section l2Tl that we hâve the identification 
Sytn\H*1 = which we interpret as functions on H. We identify the 

vectors in H with differential operators on Sym\H*\. Then we can regard 
XH := Syrn\H*\ ® H to be global vector fields on H. Suppose also that we 
hâve a symmetric nondegenerate bilinear form g on H. 
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Given a function Y € Jù/otJü*], we define a multiplication oy on Xi/ in 
the following way. 

d a °Y d b := d a d b d k Yg kl di , 

and extending to Xü using the symmetric monoidal structure of vector 
spaces and commutative ring structure of Sytn\H*\. 

Since the order of différentiation does not matter, we see that oy is com¬ 
mutative. But oy need not be associative. In fact, its associativity is 
équivalent to the following System of partial differential équations known 
as WDVV-equations. We use the notation Y a := d a Y, etc. 

Y abk g kl Y lcd = Y bck g kl Y lcd . 

Définition 3.1.1. (H,g,Y) is a formai Frobenius manifold if y satisfies the 
WDVV-equations. 

It follows that a formai Frobenius manifold yields a commutative algebra 
structure on Xü. 

A closely related concept is that of cohomological field theory(CohFT) of 
Kontsevich-Manin|16|. For a définition of it, see Section [4.21 They proved 
the following theorem. 

Theorem 3.1.2. A formai Frobenius manifold is équivalent to the genus 
zéro part of a CohFT. 

We outline the proof of one direction of this theorem. Namely, we review 
how one obtains a formai Frobenius manifold out of a CohFT. 

Suppose that we are given a CohFT A := (H, g, {A n }). For each n > 3, 
the nth corrélation function Y n of A is a symmetric n-linear form on ü 
dehned as 

Y n : ü® n —> k , [_ A», 

J Mq 

where Mo >n dénotés the moduli space of rational stable curves with n rnarked 
points. Now, set 

Y :=y^-Y n &SymlH* ]. 

Z —' n! 

n> 3 

Then the axioms of CohFT and the topology of Mq u together irnply that 
Y satisfies the WDVV-equations. 

3.2. G-Frobenins Algebras. We recall the définition of G-Frobenius alge- 
bras (also known as Turaev algebras, or crossed G-algebras) in this section. 
See [1ÛJ, [12 . [T5], [2Üj and [2l] for details. 

These are certain algebra structures on G-graded G-modules. First, we 
put the following compatibility condition on G-action with the G-grading. 
Let (ü, p ) be a G-graded G-module. 

Définition 3.2.1. (ü, p) is self-invariant if 7 acts on ü 7 trivially, for any 
7 G G. 
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We consider a bilinear form on ( H , p) that is compatible with the G-action. 
Définition 3.2.2. A symmetric bilinear form g on ( H,p ) is G-invariant if 

V(p(j)vi, p(j)v 2 ) = v(vi,v 2 ) 
for any 7 € G and v\, v 2 G H. 

Our bilinear form should also be compatible with the G-grading in the 
following sense. Let v g , Vh G H be G-homogeneous vectors of G-degree g 
and h. 

Définition 3.2.3. A bilinear form 7 on H préserves the G-grading if g(v g ,Vh) 
equals zéro unless g h = e. 

Remark 3.2.4. g préserves the G-grading if and only if g G [(H*)® 2 ] e , the 
G-degree e part. 

Remark 3.2.5. We note that a symmetric bilinear form on a self-invariant G- 
graded G-module that préserves the G-grading is actually a braided bilinear 
form in the sense of Remark 12.4.141 

We observe the following characterization about nondegenerate bilinear 
forrns on H. 

Lemma 3.2.6. Suppose g G [(i/*)® 2 ] e . Then g is nondegenerate if and only 
if the following linear map 

H g ^[H*] g = {H g -i)\ 

is an isomorphism for each g € G. 

The following lemma plays an important rôle in the theory of G-Frobenius 
algebras. 

Lemma 3.2.7. Let g be a G-invariant nondegenerate symmetric bilinear 
form that préserves the G-grading on H. Then ( i G )*g is nondegenerate on 

H g . 

Our main définition in this section follows. We dénoté the G-degrees of 
homogeneous éléments as subscripts. 

Définition 3.2.8. A G-Frobenius algebra ((H,p),g, -, 1) is a unital associa¬ 
tive algebra on a finite dimensional self-invariant G-graded G-module ( H , p ) 
with a G-invariant nondegenerate symmetric bilinear form g that préserves 
the G-grading, and satisfying the following compatibility conditions: 

(1) G-equivariance of multiplication. p{ 7)111 • p( 7)112 = p( 7 )(ui • v 2 ) for 
any 7 G G and v\,v 2 G H. 

(2) G-graded multiplication. v mi ■ v m2 G 

(3) Braided commutativity. v mi ■ v m2 = p(mf 1 )v m2 ■ v mi . 

(4) Invariance of the metric. g(vi-v 2 ,v$) = g{vi,v 2 -v$) for any v\,v 2 ,v$ G 
H. 

(5) G-invariant identity. p{ 7)1 = 1 . 
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Remark 3.2.9. The standard définition of a G-Frobenius algebra requires 
that it satisfies the trace axiom. We do not consider it in this paper. See 
uni Définition 4.13]. 

Remark 3.2.10. [12] shows that a G-Frobenius algebra can also be defined 
in terms of certain G-braided bi- and tri-linear forms. 

Remark 3.2.11. In [TJ, 15] the authors show that a G-Frobenius algebra is 
a rnonoid object in D(fc[G])-Mod, satisfying further conditions. 

Remark 3.2.12. Note that the identity should be G-homogeneous with G- 
degree equal to the identity in G. 

Remark 3.2.13. When G is trivial, we recover the notion of Frobenius al¬ 
gebra. In particular, H e of any G-Frobenius algebra H has the induced 
structure of a Frobenius algebra. Moreover, lia Proposition 2.1] shows that 
the restriction of the algebra structure and the bilinear form on H G also 
yields a Frobenius algebra structure on it. 

3.3. G-Frobenius Manifolds. Let (H, p) be a self-invariant G-graded G- 
module of finite dimension, the braiding as in Remark 13.2.111 r) a G- 
invariant nondegenerate symmetric bilinear form on it that préserves the G- 
grading. Let Y n G [‘Br n 'H*] e for each n > 3 and set Y := Y n G [$r[iL*]] e . 
Write Tfe := (i e )*?l, V G := {i G )*Vi Ye : = (ie)*Y, and Y G := {i G )*Y. 

Définition 3.3.1. ((H, p),r/,Y) is a pre-G-Frobenius manifold if both Y e 
and Y g satisfies the WDVV-equations. Moreover, if there is a vector 1 G H e 
such that ((H, p), 77 , Y 3 , 1) is a G-Frobenius algebra, then ((H, p), 77 , Y, 1) is 
a G-Frobenius manifold. 

Remark 3.3.2. Here we are using Remark l3.2.101 

Remark 3.3.3. ( H e ,rj e , Y e ) and (H G ,r] G ,Y G ) becorne ordinary formai Frobe¬ 
nius manifolds. The nondegeneracies of p e and r/ G are guaranteed by Lem- 
mas 13.2.61 and 13.2.71 

Remark 3.3.4. Kaufmann envisioned such a structure as an ingrédient for 
generalizing the results of [12] to the level of Frobenius manifolds. I realized 
it by interpreting G-graded G-modules as G-braided spaces. 

4. Corrélation Functions of G-Cohomological Field Theory 

4.1. Moduli Spaces. We review the theory of moduli spaces of pointed 
admissible G-covers frorn | 10 | . We start with (unpointed) admissible G- 
covers from [T] and [ 10 ] . 

Let (G —>• T,pi,... ,p n ) be a stable curve over T of genus zéro with n 
marked points pi,... ,p n . 

Définition 4.1.1. A finite morphism 7 r : E —> G is an admissible G-cover 
if it satisfies the following conditions. 

(i) E/T is a nodal curve, possibly disconnected. 
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(ii) Nodes of E maps to nodes of G. 

(iii) G acts on E , respecting the fibers. 

(iv) 7 r is a principal G-bundle outside of the spécial points (nodes or marked 
points). 

(v) Over the nodes of G, the structure of the maps E —> C —> T is locally 
analytically isomorphic to the following: 

Spec A[z, w\/(zw — t) —> Spec A\x, y}/(xy — t r ) — >• Spec A , 

where t £ A, x = z r , and y = w r for sonie positive integer r. 

(vi) Over the marked points of C , the structure of the maps E —>• C —> T 
is locally analytically isomorphic to the following: 

SpecAfz] —> SpecA[x] —> Spec A, 

where x = z s for some positive integer s. 

(vii) At each node q of E, the eigenvalues of the action of the stabilizer G q 
on the two tangent spaces should be the multiplicative inverses of each 
other. 

Remark 4.1.2. [T] shows that the stack of admissible G-covers is isomorphic 
to the stack Mo, n {BG) of balanced twisted stable maps into the classifying 
stack of G, and is a smooth Deligne-Mumford stack, fiat, proper, and quasi- 
finite over Mo, n - 

As in the case of principal G-bundles, admissible G- covers are classified 
by their holonomies up to the adjoint action of G. Let G gen and E gen be 
the points that are neither nodes nor marked points in C and E. Choose a 
point p 0 £ Cgen- 

Proposition 4.1.3. IfC gen is connected, then there is a one to one corre¬ 
spondance between the set of homomorphisms TTi(C gen ,po) —> G n and the set 
of isomorphism classes of admissible G-covers over C together with a point 
po in the fiber of po. 

Let G be the set of conjugacy classes of G , and 7 € G * 1 be the n-tuple 
of conjugacy classes determined by 7 € G n . shows that we hâve the 
following décomposition: 

MqABG) = U Mo ,n {BG- 7 ), 

7 €G" 

where Mo, n (BG; 7 ) dénoté the substack with holonomies that can be labeled 
by 7 . Note that Mo, n (i?G; 7 ) consists of multiple components. 

We now corne to the pointed version of the previous rnoduli space. 

Définition 4.1.4. For a g = 0 stable curve with n > 3 marked points 
(G —» T,pi,... ,p n ), an n-pointed admissible G-cover is an admissible G- 
cover 7 r : E — ^ C with n marked points pi £ E such that n(pi) = Pi- The 

_ Q 

morphisms in the stack of admissible G-covers M 0 n are the G-equivariant 
fibered diagrams preserving the points p 7 . 
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Remark 4.1.5. We hâve forgetful morphisms 

M 0 ,n(BG) M 0 ,n . 

_ Q 

Let st := st ost. m shows that M 0 n are smooth Deligne-Mumford stacks, 
Hat, proper, and quasi-finite over Mq u . 

Given a pointed admissible G-cover, let m := (mj,... ,m n ) be the mon- 

_ Q 

odrorny around the marked points on the cover, and M 0n (m ) dénoté the 
substack with the monodromy m. Then we hâve the décomposition 

Mo, n = U M° n (m). 

m£G n 

Given a pointed admissible G-cover, the structure of the hber over a 
marked point on the undei'lying curve with monodromy m is the same as 

_ Q 

G/ < m > as a G-set. This gives rise to the G n -action on M 0 n . Also, we 
hâve the S' n -action on it given by switching the labels of the marked points 
on underlying curves. 

We now describe two morphisms that are relevant in g = 0: the forgetting 
tails morphism r and the gluing morphism gl. 

t is defined when the monodromy of the last point is trivial. Suppose 
m G G n . Then 

_ Q _ Q 

T ■ M 0 , n+1 (m,e) ->■ M 0 n (m) 

is given sirnply by forgetting the last marks on the underlying stable curve 
and the point over it. If we get an unstable curve as the resuit, we stabilize 
it and m shows that we hâve a way to define a suitable pointed admissible 
G-cover on the stabilized curve. 

We can glue two G-covers at marked points when their monodromies are 
inverse to each other. Let /i G G and n = n\ + ni- Then 

_ Q, _ Q, 

gl : M 0 ni+ 1 (m, p) x M 0 n 2 + 1 (p~ ,m) -»• M 0 >n (m,m ) 

is given by gluing the underlying curve at the last marked point of the first 
curve and the first marked point of the second curve, and gluing the G-cover 
equivariantly at the points over the marked points just glued. The resuit is 
already a pointed admissible G-cover. More generally, the gluing morphism 
can be defined for any partition I U J of {1,..., n} as 

gl : M^„ 1 + 1 (m/) x M^ n 2 + 1 (mj) -> 

rnaking use of the symmetric group action. Here m/ and mj are obtained 
by adjoining p and // -1 at some position to the corresponding components 
of m. 

Next, we define distinguished components of M 0n following |TD]. Suppose 

f 2k7ri 'l 

that we hâve n marked points at P := < e~^~ :l</c<n>onP 1 = CU{oo}. 
We label the points from 1 to n counterclockwise starting from the point 1 G 
C. Draw line segments from 0 to each marked point. Then this détermines 
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a set of generators of the fundamental group of P 1 — P at 0. Let m G G n 
with nu = e. Then m détermines a holonomy, and Proposition 14.1.31 
gives us an admissible G-cover and a point p over 0. Parallel transporting 
p along the line segments above yields n points over the marked points on 
the underlying P 1 . Note that the monodromy at these points are also given 
by m. We dénoté [m] the component of M 0n (m) that contains the point 
representing this pointed admissible G-cover. 

_ Q 

Remark 4.1.6. The homology classes of M 0n in this paper dénoté those 
of its coarse rnoduli space. Namely, we do not divide by the orders of 
automorphism groups. 

4.2. G-Cohomological Field Theory. In this section, we recall the notion 
of G-cohomological Field Theory(G-CohFT) from [TÜj, and review how one 
obtains an ordinary cohomological field theory(CohFT) and a G-Frobenius 
algebra out of it. We consider only g = 0 case. 

Définition 4.2.1. A genus zéro G-CohFT is a quadruple ((H, p),rj, {A n }, 1) 
where 

(i) (H, p ) is a G-graded G-module, 

(ii) A n G (g) and G n xi S^-invariant, 

(iii) 1 / 0 G H e such that 

(a) 1 is G-invariant, 

(b) A n+ i (v m , 1) = t*A n (v m ) under the forgetting tails morphism r, 

(iv) p is a nondegenerate symmetric bilinear form on H such that 

v(Vmii'Um 2 ') ■= I A^(v mi , v m2 ,1), (3) 

J [mi,m 2 ,l] 

(v) for any basis {e a } of H , 

gl* A„( ^m) — E ■^■ni+1 {v mj i 

a, /3 

under the gluing morphism gl , for any partition I U J of {1,..., n}. 

Remark 4.2.2. The notion of CohFT as defined in [TH] does not involves the 
axioms regarding 1. Hence we recover the notion of the g = 0 part of the 
CohFT by considering trivial group G and removing the axiom (iii) above 
and Equation (j3|). 

We now review how to obtain an ordinary CohFT from a G-CohFT. This 
is a two-step process that involves the three rnoduli spaces M 0 n , Mq )U {BG) 
and Mq h . 

The first step involves the forgetful map 

strn : M^ n (rn) ->• M 0 ,„(5G;m), 

Mo,n( m ) := II 

mGm 


where 
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We hâve the following proposition. 

Proposition 4.2.3. There are unique classes 

0 H 9 (M 0jn (BG;ni))®(Hg)* 

_ Tin 

m£G 

such that 

st^ A n (Vrrï) — A-n (^m) 

for ail v m G Hg. 

Once we obtain A n , we define A n in the following way. 

Définition 4.2.4. 

An := SU An G H 9 (M 0 ,n ) 0 [(H 0 )*}®” . 

Let r\ G be the restriction of r\ to H (: . Then we get the CohFT we wanted 
as follows. 

Theorem 4.2.5. (H G ,rj G ,{ A„}) is a CohFT. 

Remark 4.2.6. In m> the authors use r/ := (1/| G\)rj G instead of rj G . This 
is because they include 1 as a data for the définition of a CohFT. Once we 
rernove the conditions about 1, we can normalize r\ G as needed, and we still 
get a CohFT. 

Next, we consider the G-Frobenius algebra that is contained in any G- 
CohFT ((H,p),r), A n , 1). Let g, h, and k be in G such that ghk = e. Fix a 
basis {e a } for H y. and {fp} for H k ~ i. Let v G H g and w G H),. Define 

v • w := f A 3 {v,w,e a )rj a ^fp. (4) 

J[g,h,k] 

Theorem 4.2.7. ((H, p), g ,-, 1) is a G-Frobenius algebra. 

Remark 4.2.8. In particular, p is self-invariant, and rj is G-invariant and 
préserves the G-grading. 

Remark 4.2.9. Due to our convention in Reinark 14.1.61 on the homology 
classes in M 0n , the homology class that is used for the définition of • in [TD] 
is the same class as we use here. 

4.3. Corrélation Functions. In this section, we define two types of cor¬ 
rélation functions that we can get out of a G-CohFT ((Ff,p),p, {A n }, 1), a 
symmetric one and a braided one, and prove that they coincide on F[ G . 
Given m = (m\,... ,m n ) G G n , let r be a component of A/o, n (i?G; m). 

~ — 1 _ Q 

Then st 7fr (r) is the union of the components of M 0n (rn) that are mapped 

_ Q 

to r. Given a component k of M 0n (m), let t(k) dénoté the component 
of Mo tn (BG-,rn ) that contains the image of k under st^. Set u(k) := 
s tm ( r ( K )) an d define p(n) to be the degree of the forgetful map 

stm U( K ) : u{k) t(k) . 
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In particular, we write p(m) := p([m]). Also, since 7 : [m] —>• 7 [m] is an 
isomorphism that is compatible with the forgetful map, we hâve p(~j[m]) = 

_ Q 

p(m). Let {ni(m)} be the set of components of M 0n (m). This is a finite 

set since any component in M 0 n can be written as 7 [m'] for some 7 and 
mf with m' = e in G n . 


Définition 4.3.1. Given a G-CohFT ((H, p), 77, {A n }, 1 ), its degree n sym- 
metric corrélation function Yg is defined as 


»? w - E 


p(yKi(m)) 


A n (v) 


for any v G H m . 


Proposition 4.3.2. Yg is a symmetric n-linear form. 


Proof. It is enough to consider homogeneous vectors. Suppose v G H m and 
u G S n . 


rjVO = E 

i 

= E 

i 

= E 


1 


p(ni(am)) J Ki{am) 


An(crv) 


1 


p(Ki(am)) 

1 r 


p(Ki(am )) 


crA n (v) by the G n xi 5 n invariance, 
A n (u). 


Note that we hâve the following commutative diagram, where the two u’s 
are isomorphisms. 

u(nj(m )) —-—)• u(Ki(om)) 


St™- 


Stâ 


T(Kj(m )) —-—> T{ni{am)) 
This implies that p(Ki(am)) = p(Kj(m)). Hence, 

1 r 


Y s n (av) = 


^ p{Kj{m)) 


AJv) = Y?(v) . 


□ 


Since the ways of representing components as 7 [m'\ are not unique, let 
v(k) be the nurnber of ways that k can be written in this way. In partic¬ 
ular, let v(m) := v([m\). Note that v is invariant under the -B n -action, 
and 1 /( 7 [m]) = v(m) for any 7 G G n and m, since these actions are isomor¬ 
phisms. Also, we see that the component 7 [m] has the constant monodromy 
md ( p /[ m \) := (71^17^\ ..., 7 n m n 7~ 1 ). 
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Définition 4.3.3. The degree n braided corrélation function Yg of a G- 
CohFT ((H,p),ri, {A„}, 1) is defined as 



for any v G H® n . 

Remark 4.3.4. Note that Yg G (“Br 11 H*) e for each n. 

The analogue of Proposition 14.3.21 follows. 

Proposition 4.3.5. Yg is a braided n-linear form. 

Proof. Note that the B n action on Mq^BG) amounts to choosing a new set 
of generators of the fundamental group on the underlying curve, to détermine 
the holonomy of its admissible G-cover. Using the F> n -invariance of n, and 
the fact that b[m\ = [6m], the proof is completely analogous to that of 
Proposition 14.3.21 □ 

Note that Yg restricted to ( 'H G )® n are symmetric n-linear forms. More- 
over, we hâve the following proposition. 

Proposition 4.3.6. For v G (H G )® n , 



Proof. We first prove Equation ([5]) below, that relates Yg and Yg for any 
homogeneous vector w. Hence, suppose w G H m . Then we hâve 



md( / y[m'])=m 

By the G n x S n -invariance of A n and G n -invariance of p, 



md( ,m f[m'])=m 


By the définition of Y^ 


By the définition of Yg, 


11 rri =e 
md(~f [m'])=m 

Since Yg is zéro on the vectors of total degree not equal to e, 




Y£M 


( 5 ) 
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Now we use this équation to prove the proposition. Let c( 7 ) be the 
number of éléments in the conjugacy class of 7 . For m G G n , define c(m) := 
H Suppose v G H In and let 

c(m) 

v = Wj 

2—1 

be the homogeneous décomposition of v. Then 

c(m) 

\ G \ ny = Y = Y Y ■ 

7 eG n 76 G n i =1 

Hence we conclude 

c(m) c(m) 

r s » = r s ”(£ a.,) = 2 r s “(»i) 

2—1 2—1 

c(m) _ 

t=l 1 1 76 G n 

□ 


4.4. Pre-G-Frobenius Manifold Structure. In this section, we prove 
that any G-cohomological field theory gives rise to a pre-G-Frobenius man¬ 
ifold structure on its state space. We first make the following observation. 
Let H be a finite dimensional vector space. 

Lemma 4.4.1. If Y := J2 Yn *= Sym{H*} satisfies the WDVV-equations, 
then Y' := ^ a n Y n for some a G k also satisfies the WDVV-equations. 

Proof. This is true since WDVV-equations can be proved degree-by-degree. 

□ 


Given a G-CohFT ((H, p),rj,{ A„},1), set 

y b--=Y~i Y b- 

n\ 


n> 3 


Theorem 4.4.2. ((H, p), r), Yb) is a pre-G-Frobenius manifold. 

Proof. By Remark 14.2.81 p is self-invariant, and 7 is G-invariant and pré¬ 
serves the G-grading. 

We first consider ( i G )*(YB ). Let (H G ,r] G , A n ) be the CohFT obtained by 
taking the G-quotient of our G-CohFT. Recall that its corrélation functions 
are defined as 

(>' G )>) := f Â(v) 

J M o,n 

for any v G ( H G )® n . In view of the équivalence of CohFT’s and Frobenius 
manifolds, and Proposition 14.3.61 it is enough to show 

r s » = (Y°r(v) 
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for any v G ( H G )® n . Suppose v is homogeneous of G-degree equal to m, 
and v = J2mern w ™- be its homogeneous décomposition. Since A n {w m ) is 

_ Q 

supported on M 0n (m), we hâve 


^ p(*i(*n)) L 


m£m i 


Ki(m) 


A n (Wm) 


y y _I_ [ 

pinAm)) J K . 

n Cm r 1 y L V 


mdm i 


(m) 


A n (v) = 


Ei p( Ki (m)) K d m ) 


A n (u). 


Using the projection formula, we hâve 


m*)= [_ Ân(«)- 

JM(BG;rn) 

Using the Gysin map, we conclude that 


Yg(v)= [_ A(„) = (Y g )>». 

J Afû,n 

Consider (z e )*(Ye) next. Let e := (e, and v G H e . Note that 

u(e) = |G| since [e] can be also written as g[e] where g := ( g , ,g ), for 
any g G G. Since p(e) = 1, we hâve 


Yë(v) = 



A n (l)) • 


Observe that 


y' •= y 1 
■ Z.|G|-1 


• -y 


n! 


B 


satisfies the WDVV-equations since [e] is isomorphic to M o )Tl and we are re- 
duced to an ordinary CohFT. A simple modification of Lemma [4.4.11 implies 
that (■ i e )*{YB ) satisfies the WDVV-equations. □ 


Remark 4.4.3. In fact, we can say a little bit more. By comparing Equa¬ 
tion Q and Définition 14.3.31 we notice that the multiplication structure of 
the G-Frobenius algebra that is contained in the G-CohFT differs by con¬ 
stants from the one given by the degree 3 braided corrélation functions, and 
these constants dépend on the G-degrees of the vectors multiplied together. 
This means that we can identify the two multiplication rules by rescaling the 
metric on the underlying G-graded G-module. In other words, a G-CohFT 
contains a G-Frobenius manifold up to a rescaling of its metric. 


Remark 4.4.4. One can ask if it is possible to get a G-CohFT starting from 
a pre-G-Frobenius manifold, in analogy with the case of ordinary CohFT’s 
and Frobenius manifolds. A difficulty answering this question is that the 

_ Q _ 

topology of M 0n is not very well understood compared to that of Mo )Tl . 
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5. Examples of Z/2Z-Frobenius Manifolds 

5.1. G = TifTL. In this section, we specialize to the case G = Z/2Z = {e, < 7 } 
and prove the structure theorem 15.1.31 for pre-Z/2Z-Frobenius manifolds. 
We first State some general facts about Z/2Z-graded Z/2Z-modules. 

Proposition 5.1.1. Let ( H,p ) be a ï/TL-graded T,/TL-module that is self- 
invariant. Then H = H e © H g has the following properties. 

(i) The non-twisted sector H e has the following décomposition: 

H e = Hi H v , 

where Hi is invariant under Z/2Z and p{g)v = — v for any v G H v . 

(ii) The G-invariants décomposés as 

H ° = Hr (B Hg ■ 

Proof. (i) follows from the theory of représentations of finite groups, since H e 
is a Z/2Z-module. See, for example, [2T] , For (ii), note that the conjugacy 
classes of Z/2Z are Z/2Z itself, and H g is Z/2Z-invariant. Also, ( H e ) G = 
Hi. □ 

Fix a homogeneous basis {x p } of H* under the grading 

h* = h;@hï@h;, 

and dénoté their homogeneous G-degree as subscripts. We hâve the following 
description of the braided multilinear forms on H. 

Proposition 5.1.2. Given a basis of H* as above, we hâve the isomorphism 
of vector spaces 

MH*} = klxPj/1 , 
where 1 is generated by {xvX g }. 

Proof. Suppose X G ‘Br n H*. Then it is symmetric on H G and H e by Propo¬ 
sitions 12.5.11 and 12.5.21 In view of Proposition 15.1.11 it remains to consider 
the value of X on vectors w G H® n that has at least one factor w g G H g 
and another w v G H v . By linearity it is enough to assume that w has only 
one term. Then w can be written as one of the following two forms. 


or 


where Wj . 

We use 
is similar. 


W = • • • (g) W v ® Wi ± © • • • ® Wi k ®w g ®... 

w = ■ ■ ■ (g) w g (g) Wi t (g) • • • (g) Wi t <g> w v (g)... 

dénotés vectors in Hi. 

Corollary 12.4.171 and consider only the first case. 


The other one 


X(w) = X(- ■ ■ (g) w v (g) Wi t (g) • • • (g) Wi k (g) w g (g)... ) 

= X(‘ ■ ■ <g) W V (g) Wg <g) . . . ) 
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by B n invariance and the fact that H L is invariant under the action of Z/2Z. 
Since w v is in H e , we hâve 

X ( w ) = X(- ■ ■ (g) w g <g> w v <©... ) 

= — X(- ■ ■ <S>w v (g w g ...) = —X(w) 

since w v is in the eigenspace of g with eigenvalue —1. Hence we hâve 

X(w) = 0 

if w has factors of H v and H e together. This implies that any element in 
‘Br 11 H* does not hâve any term that has both Xy and x q g as its factors. The 
proposition follows by the identification of symmetric n-linear forms and 
homogeneous polynomials of degree n. □ 

Once we hâve a pre-Z/2Z-Frobenius manifold structure on H = Hi © 
H v © H g, we hâve ordinary Frobenius manifold structures on H e = Hi® H v 
and H g = Hi © H g with induced potentials. On the other hand, we may be 
able to produce a pre-Z/2Z-Frobenius manifold starting frorn two ordinary 
Frobenius manifolds in the following way. 

Let ( H e ,g e ,Y e ) and (H G ,g G ,Y G ) be formai Frobenius manifolds. Sup¬ 
pose that there is a vector space H L and two linear injections i e : Hi —> H e 
and i G : Hi —ï H (: such that ( t e )*Y e = ( iP)*Y g := Y and ( i e )*r] e = 
{i G )*g G := 7ji. Fix décompositions H e = H{@H V and H c = Hi®H g . Write 
Y e = Yi + Y v and Y G = Ij + Y g , and r] e = rji + g v and r/ G = ru + rj g where 
{i e )*Y v = ( i G )*Y g = 0 and (i e )*r] v = ( t G )*r] g = 0. Let H := Hi®H v ®H g be 
a Z/2Z-graded Z/2Z-module as in Proposition 15.1.11 Set Y := + Y V + Y g 

and g '■= iji + rj v + Vgi extending by zéro. 

Let S := {i,v,g} be the set of the subscript in the décomposition of H 
above. Then we can talk about the S' 2 -degrees of homogeneous terms of rj. 

Theorem 5.1.3 (Structure of pre-Z/2Z-Frobenius manifolds). Suppose that 
Y € [T[LP]]] ej and ru, r/ v , and r/g are S 2 -homogeneous of degrees ( i,i ), 
(v,v) and (g, g) respectively. Then ((H, p),ipY) is a pre-Z/2Z-Frobenius 
manifold. Conversely, the g and Y r of any pre-ZfTL-Frobenius manifold 
((H, p),g,Y) is of this form, and uniquely determined by the metrics and 
potentials of the two Frobenius manifolds it contains. 

Proof. We first prove that ((H , p), g, Y) constructed as above is a pre-Z/2Z- 
Frobenius manifold. By construction, p is self-invariant, and g is Z/2Z- 
invariant, symmetric, and préserves the Z/2Z-grading. Since the S' 2 -degree 
of g g is (g, g), the condition of Lemrna 13.2.61 is satisfied for Z/2Z-degree e by 
the nondegeneracy of g e . The S 2 -degrees of gi and g g , and the nondegeneracy 
of g G also implies that of g g , satisfying the condition of the Lemrna for g. 
It follows that g is nondegenerate. 

Proposition 15.1.21 implies that Y is automatically in It remains 

to show that Y e = ( i e )*Y and Y G = (i G )*Y. Since we are extending by 
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zéro and ( i G )*Y g = 0, we hâve ( i e )*Y g = 0. With the completely analogous 
reasoning, we also hâve (i G )*Y v = 0. 

To prove the converse, we first consider rj. Writing the 5 2 -degrees as 
subscripts, we hâve the décomposition 


V = Va + Viv + Vig + Vw + Vvg + Vgg ■ 


Since r/ préserves the G-degree, we hâve i]i g = r] vg = 0. To see that rji v = 0, 
take Wi G Hi and w v G H v . Using the Z/2Z-invariance of rj, we hâve 

r} iv (wi,w v ) = r] iv (g ■Wi,g ■ w v ) = rj iv (wi , -w v ) = -r] iv (wi,w v ). 

For y, let Yj be the sum of ternis that only hâve factors of S-degree i, Y v 
the sum of terms that hâve at least a factor of S'-degree v, and Y g the sum 
of terms that hâve at least a factor of S'-degree g. Proposition 15.1.21 implies 
that every terni of Y is uniquely a terni of either Y^. Y v or Y g . Hence we 
hâve the unique décomposition of Y as 

Y = Y + Y V + Y g . 

Note that {i e )*Y g = ( i G )*Y v = 0, and ( i e )*Y v = (l g )*Y 9 = 0 by construction. 
Uniqueness is obvious froni the décompositions of g and Y. □ 


5.2. A n and D n Singularities and Their Milnor Rings. We review the 
concept of Milnor rings and their Frobenius algebra structures for certain 
singularities. See [7j for details. 

We consider two sériés of polynomials called A n and D n . 


Ar. 


1 


-z 


,n +1 


n + 1 
.2 


1 9 1 

D n : -xy H-; 

2 y 2n — 2 


,n—1 


Note that these polynomials define complex valued functions on C or C 2 , 
and they hâve isolated singularities (critical points) at the origin. 

Let / be one of the polynomials. Then its Milnor ring(Jacobian ring or 
local ring) Af is given by the quotient ring of the polynomial ring by the 
Jacobian idéal Jy of /. For example, the Milnor ring of D 4 is C [x,y\/(y 2 + 
x 2 ,xy). Note that the Milnor ring for A n is generated by {1 ,z,... 
and for D n by {l,x,... ,x n ~ 2 ,y} as vector spaces. Hence their dimensions 
are equal to n. 

Af has the structure of a Frobenius algebra with counit e as follows: 

A n : e(z l ) = Si >n -\ for i = 0,..., n - 1 , 

D n : e{x l ) = 5 i >n -2 for i = 0,..., n — 2 and 
e{y) = 0 
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5.3. Frobenius Manifold Structures on Milnor Rings. We review the 
Frobenius manifold structures associated with the universal unfoldings of 
the singularities A n and D n . For details, see [5] and [18] . 

Any vector in the Milnor rings of A n and D n can be uniquely written as 
follows. 

A n : k n -iz n ~ l H-h kiz + k 0 

D n : l n — 2 X n 2 + • • • + l\x T lo T l*y 

These identify their Milnor rings with C n , whose coordinates can be written 
as (k n - 1 ,..., ko) for A n and (l n ~ 2 ,..., lo, l*) for D n . It follows that we hâve 
the following identifications of vectors. 

A n . dk i z 

D n : di j O x j and d u O y 

We also associate a deformation of the defining polynomials of A n and 
D n tautologically for each vector in the Milnor ring simply by addition. 

A n '■ —TT ^ n+1 "b k n -iz n 1 + ■ • • + k\z + ko := F A 
n + 1 

D n : —xy 2 + —-— x n 1 + l n - 2 X n "' + ■■■ + hx + lo + l*y '■= Fd u 

2 Zn — 2 

We define multiplication rules between vector fields in the way that each 
tangent space is isomorphic to the Jacobian ring of the deformed polynomial. 
To be more précisé, the ring of formai vector fields are isomorphic to the 
following. 

A n : C[fe 0 ,..., k n -i}[z]/JF An 
Dn : Cpo,... , l n - 2 , l*j[x, y\/JF Dn 

Here JF An and JFjj n dénoté the Jacobian idéal of F Ari and Fu n with respect 
to z for A n and x,y for D n . 

Next we describe the metrics. The metrics are given by the residues. 
Their multi-variable version can be found, for example, in [9]. We divide by 
2 for D n for normalization purposes. Fix a tangent space, take /, g in the 
Jacobian ring, and let F be equal to either F An or Fu n . P runs through ail 
the pôles. 

A n : r){f,g ) := ^Res P yjdz 

P 

Dn ■ vif, g) ■= ^2 Res p J^gp dx dy 

P dx dy 

One can show that the rnetric at the origin is the same as the one in the 
previous section. Thus we can identify the undeformed Milnor ring as the 
tangent space at the origin. 
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Consider the odd dimensional ones in A n sériés. First we identify a sériés 
of Frobenius manifolds called B n -\ as submanifolds in both A 2 n -3 and D n . 
For generalities about Frobenius submanifolds, see [23] . 

Consider the (n—l)-dimensional submanifold with coordinates ai := & 2 i = 
li, i = 0,. .., n — 2, that is, we are considering hypersurfaces given by k 2 i~i = 
0 and Z* = 0 . The algebra of tangent vectors at any point on the submanifold 
is generated by z 2 or x. One can show that the ring homomorphism of 
tangent spaces given by z 2 x at each point of the submanifold is an 
isomorphism that also préserves the metric. We will use (ao, ai,..., 02 ^- 4 ) 
and (ao, 02 ,..., a 2 n - 4 , a*) for coordinates of ^ 2 n -3 and D n , respectively, so 
that (ao, a 2 ,..., a 2 n - 4 ) will be the coordinates for B n _ 

Before considering the potential, note that the coordinates we are using 
are not fiat, meaning that the metric between the coordinate vector fields 
are not constants. We first describe how to get a set of fiat coordinates for 
A n . If we set 

w n+1 1 

—— = F a = —— z n+1 + k n -\z n ~ l H-h kiz + k 0 , 

n + 1 n + 1 


then we hâve the Laurent sériés expansion 


z = w + 


tn—l 


+ 


t n -2 


+ 


W 


WT 


+4+o(- 


w" 


w 


n+1 • 


It is known that ai is a polynomial of 4 , 4 + 2 , ■ ■ ■ , 4 i-i for each i, where 
the linear term is equal to —t t and the higher order terms are functions 
of ti+ 2 ,.. •, t n -\ 0 - Thus this gives us a global diffeomorphism, and the 
inverse map can be found easily. It is also easy to see that the coordinate 
vector fields di := d/d L can be identified with diF An ■ Moreover, it can be 
shown that the metric rjij := rj(di, dj) is constant by change of coordinates, 
hence its values can be obtained by looking at the origin as shown in the 
previous subsection. 

The uniqueness of the sériés expansion implies that the submanifold B n _\ 
is also the hyperplane defined by the équations f2i-i = 0 in the fiat coordi¬ 
nates. Thus {t 2 i} constitutes a fiat coordinate System for B n _ Moreover, 
it can be shown that {^ 2 * 4 * := —a*} is also a fiat coordinate System for D n . 

Now we are ready to describe the potentials. It is known that the poten¬ 
tial for A n is a polynomial of degree < n + 2 in the fiat coordinates. Its 
explicit form can be determined from the ring structure and the metric. The 
potential for -B n _i can be obtained by setting t 2 i-i = 0 from the potential 
for A 2 n- 3 - Finally, it is known that the potential for D n can be obtained by 
adding the term (—l/ 2 )aot* to the A 2 n -3 potential and setting f 2 i-i = 0 , 
where ao is the constant term in the usual coordinates, and is a function of 
the fiat coordinates. 

We list sonie explicit formulas for n = 3 and 4. Let < h J 4 2n _ 3 dénoté the 
potential for A 2 n- 3 , etc. 
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Example 5.3.1 (n = 3). Fiat coordinates and their inverse: 


*2 = —02 
*i = —ai 

1 . 

*0 = — a 0 + -a: 


a 2 = —*2 
02 = —tl 

1 , 

oo — —ta + t -t 
2 


$ a 3 = -^* 0*2 - \tat{ - - ^*1 

$ d 3 = -^* 0*2 + \tatl - ^*|** ~ ^*1 
Example 5.3.2 (n = 4). Fiat coordinates and their inverse: 


1 4 — —04 
*3 = —a 3 

3 2 

*2 — —02 + — 0 4 

fi = —ai + 20304 

1 2 7 3 

*o — —oq + 2 fl 3 + ®2 o 4 — — a 4 


a 4 — — 1 4 
“3 = “*3 

3 2 

02 = -*2 + -* 4 
a i = — ii + 2t 3 f 4 

1 O 1 

OQ — ~to + 7J*3 + *2*4 — —t] 


$A 5 


®d 4 


1 2 1 9 

“2*0*4 - * 0 * 1*3 - 2 * 0*2 

f 3 f 4-t 2 f§-*2*4 — 

6 2 2 2 3 6 2 4 

— ^*0*4 — ^* 0*1 + ^* 0*2 


“ \t\t-2 - ^ t\t\ - *1*2*3*4 “ |*lt| 

+ 2 + 2 ^+A+ 7 +2/4 1 j.7 

2 2 3 4 g*3*4 8*3*4 ^*4 

- ^*i*4 “ ^*2*4*2 “ |*i*| + |*2*t - ^* 


7 

4 


5.4. Z/2Z-Frobenius Algebra for ^ 2 n _ 3 . We review the Z/2Z-Frobenius 
algebra structure for A 2 n -3 as described in [T2J. Call it H. Let X be the 
idéal of C[z, y] generated by [z 2n ~ 3 ,yz, y 2 + z 2n ~ 4 J. Then its ring structure 
is 


H = C[z,y\/l. 

Note that this is a 2n—2 dimensional vector space having j 1 , z 2n ~ i 

as a basis. 

The Z/2Z-graded Z/2Z-module structure is the following. 

Hi = Span {l, z 2 ,..., z 2 " -4 } 

H v = Span [z, z 3 ,..., z 2n ~ 5 J 
H g = Span {y} 


G-FROBENIUS MANIFOLDS 


37 


If we fix an ordered basis for H as (l, z 2 ,..., z 2n 4 , z, z 3 ,..., z 2n 5 ,y), 
then is given by the following matrix. 


/ 0---1 

o 

0 \ 

1- • -0 


0 

n 

0---1 

0 

U 

1---0 

0 

\ 0---0 

0---0 

-1 / 


It is straightforward to check that H thus defined is a Z/2Z-Frobenius 
algebra. 

Remark 5.4.1. Note that ï] satisfies the conditions of Theorem l5.1.31 and the 
restriction of 7 ] on H e coincides with the metric on the Frobenius algebra of 
^-2n-3- 

Remark 5.4.2. We observe that is isomorphic to the Frobenius algebra 

of D n via the map z 2 H > x. Note that it also préserves the metric. 

5.5. Z/2Z- Frobenius Manifold for ^ 2 n- 3 - We use the fiat coordinates 
{to, • • • ,t 2 n- 3 ,t*} as defined in Section INÏÏ1 on the underlying Z/2Z-graded 
Z/2Z-module of the Z/2Z-Frobenius algebra of Ao n -3 as described in the 
previous section. Theorem 15.1.31 gives us a pre-Z/2Z-Frobenius manifold 
structure on it. This is because we can obtain the potential for B n _\ by 
restricting either that of A 2 n -3 or that of D n , and the condition on the 
metric is also met by Remark 15.4.11 Since f* always appear as f* in the 
terms of <h£> n , the G-degree requirement for Y is also satisfied. We identify 
H e as the Frobenius manifold of Ao n -3 and H G as that of D n . 

To see that this is a Z/2Z-Frobenius manifold, note that we hâve 



regardless of the value of n, frorn the discussions in Section 15.31 Considering 
the metric, we notice that this terni implies ail the multiplication rule that 
involves <9* CA —y (at the origin) described in Section l5~il up to the factor of 
1/6. Of course, Y 3 +Y 3 is just the degree 3 terni of A 2 n - 3 - Thus these terms 
accounts for the multiplication rules for di ■<->■ — z 1 (at the origin), again up 
to the factor of 1/6. Hence it contains the sanie Z/2Z-Frobenius algebra as 
in Section l5~4l up to the constant factor of 1/6. 

6 . Prospects 

6.1. A Differential Geometry of G-braided Spaces. Although we con- 
centrated on the formai aspects of Frobenius manifolds so far, their theory 
becomes much richer once we start considering their differential géométrie 
aspects[ÏÏJ US]. One can then ask if we can extend this part of their theory 
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to our case. This leads to the question of developing a differential calculus 
on the ring of braided multilinear forms. 

The usual way of introducing a differential calculus on the ring of func- 
tions in noncommutative geometry is to define a dérivation that satisfies the 
ordinary Leibniz rule on the ring. But in our case it is more natural to define 
a differential operator in ternis of multilinear forms. Namely, the usual rule 
of différentiation on polynomials can be transferred into one on symmetric 
multilinear forms via their identifications. Once we extend the same rule to 
ail multilinear forms, then it turns out that this rule restricted to braided 
multilinear forms yields braided multilinear forms. 

The problem with this approach is in that this définition of différentiation 
rule need not satisfy the usual Leibniz rule. This is not surprising since the 
usual rule does not seem to take into account any braided structure. Namely, 
the differential operator and the functions freely change their positions, ex- 
cept possibly gaining the minus sign. It seems that the usual Leibniz rule 
lives in symmetric monoidal categories. 

Hence it will be interesting to generalize the Leibniz rule so that it would 
work in braided monoidal categories. In fact, one such generalization can be 
found in m Chapter 10] in his version of braided geometry. We will need 
a version that would work for our purposes. 
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